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Abstract: Further developing ideas set forth in [1], we discuss QCD Reggeon Field Theory (RFT) and
formulate restrictions imposed on its Hamiltonian by the unitarity of underlying QCD. We identify explicitly
the QCD RFT Hilbert space, provide algebra of the basic degrees of freedom (Wilson lines and their duals)
and the algorithm for calculating the scattering amplitudes. We formulate conditions imposed on the ”Fock
states” of RFT by unitary nature of QCD, and explain how these constraints appear as unitarity constraints
on possible RFT hamiltonians that generate energy evolution of scattering amplitudes. We study the
realization of these constraints in the dense-dilute limit of RFT where the appropriate Hamiltonian is
the JIMWLK Hamiltonian HJIMWLK . We find that the action HJIMWLK on the dilute projectile states
is unitary, but acting on dense ”target” states it violates unitarity and generates states with negative
probabilities through energy evolution.
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1 Introduction.
In this paper we continue the study of the s-channel unitarity of Reggeon Field Theory (RFT) of Quantum
Chromodynamics (QCD). We further develop ideas put forward in [1] on the restrictions that unitarity of
QCD imposes on the Hamiltonian of RFT.
Reggeon Field Theory (RFT) is an effective theory for description of hadronic scattering in QCD at
asymptotically high energies. The basic ideas of RFT go back to Gribov [2], and have been developed over
the years in the context of QCD [3–16]. In its modern form, the QCD RFT in a certain limit has been
identified [17] with the so called JIMWLK evolution equation [18], or Color Glass Condensate (CGC)[19].
The relevant limit is when a perturbative dilute projectile scatters on a dense target.
There are some significant differences between the original Gribov RFT framework and its QCD
incarnation. The original reggeons in Gribov’s RFT are colorless, whereas the effective high energy degrees
of freedom in QCD are colored reggeized gluons [20] or Wilson lines. It must be possible ”to integrate
over the color” and reformulate QCD RFT in terms of color neutral exchange amplitudes, such as BFKL
Pomeron [3]. When written in terms of color singlet objects, the QCD RFT in addition to the Pomeron
contains higher order colorless Reggeons, such as quadrupoles and higher multipoles which may play
important role especially far from the dense-dilute limit.
The CGC formalism provides a direct link between the fundamental theory (QCD) and the effective
high energy description (RFT). This prompted us to analyze in [1] some peculiar properties of RFT solutions
found in the literature[21, 22] from the point of view of the underlying QCD structure.
The conclusions of [1] were somewhat unexpected, but to our mind interesting and important. We
found that the peculiar behavior of solutions of RFT found in [21, 22] is due to violation of the QCD
s-channel unitarity in the implementations of RFT widely practiced in the community[15]. By considering
the zero dimensional toy model of the RFT -type, in [1] we have explicitly showed how unitarity conditions
are violated and also have found a way to modify the toy model RFT Hamiltonian such that it remains
consistent with all known limits, but the unitarity of the evolution is restored.
The full QCD RFT is of course significantly more complicated than the zero dimensional toy model. It
was argued in [1] that the unitarity is indeed violated also in this case for the Balitsky-Kovchegov (BK) [16]
and Braun [15] Hamiltonians. However the explicit construction of the RFT algebra and the action of the
appropriate Hamiltonians on RFT states were not provided, and thus the discussion lacked any detailed
understanding of the origin of this violation.
In the present paper we extend this analysis by providing an explicit and detailed formulation of the
QCD RFT Hilbert space and operator algebra. As opposed to the toy model case [1], where we have
used the large Nc limit in which the Pomeron is the only relevant degree of freedom in RFT, here we deal
with the full color structure. Thus the focus of the current paper is the JIMWLK Hamiltonian HJIMWLK
[18, 19] which generates the QCD evolution of scattering amplitudes in the dense-dilute case.
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We analyze in detail the evolution of the projectile and target within this dense-dilute RFT framework.
We show that while the evolution of the dilute object (projectile) is unitary, that of the dense object
(target) is not. Moreover the violation of unitarity is qualitatively very similar to that in the toy model
and derives directly from the assumption that every target gluon scatters at most via two gluon exchange.
This approximation is perfectly adequate for the evolution of the scattering amplitude for as long as the
projectile remains dilute, but breaks down once both scattering objects become dense. Note however, that
the evolution of the scattering amplitude is distinct from the evolution of the state (see below). The early
symptom of the impending breakdown of the evolution of the amplitude is indeed the unitarity violation
in the evolution of the target state even while the scattering matrix evolution is still governed by the
JIMWLK Hamiltonian.
The plan of this paper is as follows. In Section II we recap the unitarity problem and its solution in
the zero dimensional toy model analyzed in [1]. In Section III we discuss the general framework of QCD
RFT in 2+1 (transverse+rapidity) dimensions. As mentioned above, we do not restrict ourselves to large
NC limit and thus the basic degrees of freedom are the Wilson lines, or reggeized gluons. We define the
algorithm of calculating the scattering amplitudes in this framework and define commutation relations
between the projectile and target Wilson lines. In Section IV we explain in detail how the QCD s-channel
unitarity appears in the context of RFT and what constraints it imposes on the evolution Hamiltonian. In
Section V we analyze the JIMWLK limit in terms of its unitarity properties, and show that the (dilute)
projectile evolution is unitary while the (dense) target evolution is not. We also explicitly demonstrate
that this violation of unitarity arises due to restriction of the scattering amplitude of each individual target
gluon to at most two gluon exchanges. Finally in Section VI we discuss our results and future prospects.
2 The toy model - a recap.
In this section we recap the main results of [1] pertaining to a zero dimensional toy model. This explains
our main idea in a simple setting and sets the stage for the discussion of QCD.
2.1 The toy model RFT
Consider the prototype of the Reggeon Field Theory defined in zero transverse dimensions. The only degree
of freedom of this theory is the scalar Pomeron ”field” P and its dual P¯ , or alternatively ”dipole fields”
d = 1− P ; d¯ = 1− P¯ . A useful way of thinking about these objects is that of a scattering amplitude of
a target dipole on the projectile and the projectile dipole on the target respectively. In this toy model we
are dealing only with the color singlet objects - ”dipoles” which simplifies things considerably.
Mathematically the RFT is defined in terms of the following three elements:
1. The algebra of P and P¯ ;
2. The algorithm for calculating scattering amplitudes;
3. The energy evolution of the scattering amplitudes.
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The zero dimensional toy model frequently used in the literature is defined by the following realization
of these three elements:
1. The commutation relations of P and P¯ are based on their perturbative identification:
[P, P¯ ] = −γ; γ ∼ O(α2s) (2.1)
where γ is the zero dimensional proxy for the dipole-dipole scattering amplitude.
2. The S-matrix element for the scattering of n¯ dipoles of the projectile on m dipoles of the target is
calculated as [23]
〈m|n¯〉 =
∫
dP¯ δ(P¯ )(1− P )m(1− P¯ )n¯ (2.2)
This can be conveniently represented in an alternative form
〈m|n¯〉 = 〈0|(1− P )m(1− P¯ )n¯|0〉 (2.3)
where the left and right Pomeron ”Fock space vacua” are defined by
〈0|P¯ = P |0〉 = 0 (2.4)
or
〈0|d¯ = 〈0|; d|0〉 = |0〉 (2.5)
Clearly the algorithms eq.(2.2) and eq.(2.3) are equivalent given eq.(2.1).
Within this framework the state
〈m| ≡ 〈0|dm (2.6)
has the meaning of a target state with m dipoles, and similarly |n¯〉 is the projectile state with n¯ dipoles.
Commuting the factors of P through the factors of P¯ all the way to the right intuitively emulates the
scattering of the projectile dipoles on the target dipoles. Once all the P are on the right, they disappear
when acting on |0〉 and the result gives the S-matrix element for the scattering of n¯ dipoles of the projectile
on m dipoles of the target.
3. The S matrix element is evolved in rapidity according to
〈m|n¯〉Y = 〈0|(1− P )meH(P,P¯ )Y (1− P¯ )n¯|0〉 (2.7)
The simplest choice of the Hamiltonian which is commonly used in the toy model is the zero dimensional
analog of the Balitsky - Kovchegov (BK) Hamiltonian [16]
HBK = −1
γ
[
PP¯ − PP¯ 2] (2.8)
which contains a triple pomeron vertex. This zero dimensional RFT has been intensely studied as a
simplified model to understand the physics of QCD RFT [24–34].
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2.2 The unitarity condition
Given this physical meaning of the RFT ”Fock states”, [1] has formulated the unitarity condition on the
evolution Hamiltonian H.
〈m|eHY =
∑
i
ai(Y )〈i|; 1 ≥ ai ≥ 0;
∑
i
ai = 1 (2.9)
The meaning of this condition is simple and straightforward: when a state with m target dipoles is evolved
in rapidity, the action of the evolution operator must result in another normalized state with expansion
coefficients that have the property of probabilities. Note that the coefficients ai have the meaning of
probabilities rather than amplitudes. The reason is that in the large Nc limit there is no interference
between states with different numbers of dipoles, and thus the S-matrix of a superposition of dipole states
is given by the weighted sum of the S-matrices of individual states with the weights given by probabilities
to find the particular state in the original superposition.
The same condition has to be satisfied on the projectile side, since the Hamiltonian can be though as
acting either on the projectile, or on the target.
eHY |n¯〉 =
∑
i
a¯i(Y )|i〉; 1 ≥ a¯i ≥ 0;
∑
i
a¯i = 1 (2.10)
Both equations, eq.(2.9) and eq. (2.10) must be satisfied for the same Hamiltonian H.
2.3 Unitarity violation
It is a straightforward matter to check whether the evolution generated by the Hamiltonian HBK is unitary.
Applying the evolution operator (over infinitesimal interval Y = ∆) on the projectile and target states we
find
e∆H |n¯〉 ≈ (1−∆n¯)|n¯〉|+ ∆n¯|n¯+ 1〉 (2.11)
〈m|e∆H = (1 + ∆m)〈m| −∆m[1 + γ(m− 1)]〈m− 1|+ ∆γm(m− 1)〈m− 2| (2.12)
Eq.(2.11) conforms with the unitarity constraints, as all the coefficients are positive and sum up to one.
However the action of the evolution operator on the target clearly violates unitarity. Although the sum of
all the coefficients is equal to unity, one of the coefficients in eq.(2.12) is negative, and one is greater than
unity. Another worrying feature of eq.(2.12) is that the evolution seems to decrease the number of dipoles
in the state, while on physics grounds we expect this number to grow just like for the projectile.
2.4 Unitarity regained.
A suspect feature of the HamiltonianHBK is that it is not symmetric between the target and the projectile[35].
Physically this is because it is suited for a situation where the projectile is dilute while the target is dense
(dense-dilute limit). Thus even though one does expect the ”correct” Hamiltonian to be symmetric (or self
dual), the self duality is violated in the dense-dilute limit. One can wonder whether this lack of self duality
– 4 –
is the reason for the unitarity violation in eq.(2.12). The analysis of [1] showed that just restoring self
duality is not sufficient. E.g. adding an additional triple Pomeron vertex with the Pomeron and conjugate
Pomeron interchanged does not solve the problem, but in fact exacerbates it.
Nevertheless [1] came up with a variant of the original toy model which restores unitarity, and also
reproduces correct dense-dilute limit. This ”Unitarized Toy Model” Hamiltonian turned out also to be self
dual.
To achieve this several modifications were introduced. The first modification concerns the commutation
relations of P and P¯ , or equivalently d and d¯. The mechanics of the calculation of the scattering amplitude
within the RFT suggests that commuting d through d¯ one should pick up the factor equal to the S-matrix
of dipole-dipole scattering. The commutation relations are therefore modified as follows
dd¯ = e−γ d¯d ≈ (1− γ)d¯d (2.13)
The second approximate equality is due to the smallness of γ and is not crucial but convenient. Note that
for small P and P¯ (parametrically 1 > PP¯ > γ) the algebra eq.(2.13) reduces to eq.(2.1).
The second modification introduced in [1] is to replace the Hamiltonian HBK by
HUTM = −1
γ
P¯P = −1
γ
(1− d¯)(1− d) (2.14)
As explained in [1], in the limit when the projectile is dilute and target is dense, the Hamiltonian HUTM
becomes equivalent to HBK as far as the evolution of scattering amplitude is concerned. However, as it is
easy to check HUTM generates a unitary evolution of both, the projectile and the target wave functions.
A simple calculation yields
〈m|e∆HUTM =
[
1− ∆
γ
[1− (1− γ)m]
]
〈m|+ ∆
γ
[1− (1− γ)m]〈m+ 1| (2.15)
This evolution is clearly unitary. Due to self duality, it is clear that the evolution of the projectile wave
function is unitary as well. An attractive feature of this evolution is that the number of dipoles in the
target grows with energy, rather than decreases as in eq.(2.12). Interestingly it also exhibits the saturation
behavior very similar to the one that is expected from the real QCD evolution, namely at large m, the
change in the wave function is independent of the number of dipoles m.
Thus the unitarized toy model setup solves several issues inherent in the BK limit. The evolution is
explicitly self dual, it reduces to BK evolution for the s-matrix in the dense-dilute limit and is unitary.
This evolution also has basic properties that we expect on physical grounds - the number of dipoles always
grows with rapidity, and at large number of dipoles the evolution saturates in the sense that the probability
to produce an extra dipole does not depend on the number of dipoles already present in the wave function.
3 The Reggeon Field Theory: scattering amplitudes and field algebra.
We now move on to consider the high energy limit of QCD.
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The aim of this section is to define the ”Hilbert space” of the Reggeon Field Theory and rules for
calculating of scattering amplitudes. As explained in the Introduction, the route we take is through
”translating” the Color Glass Condensate (CGC) formalizm to the RFT language.
3.1 The S-matrix.
We start with the basic formula for calculating scattering amplitudes in the CGC approach as discussed
for example in [36].
S =
∫
dρdαT δ(ρ)WP [R]e
i
∫
z g
2ρa(z)αaT (z)W˜T [αT ] =
∫
dρδ(ρ)WP [R]WT [S] (3.1)
Here ρa(x) is the color charge density of the projectile, αaT (x) is the color field of the target, and R
and S are defined as
Rx = e
Ta δ
δρa(x) ; Sx = e
igTaαa(x) (3.2)
with the projectile color field αa(x) determined by the projectile color charge density ρa(x) via solution
of the static Yang-Mills equations. The operator R is the ”dual Wilson line”. An insertion of a factor R
in the amplitude eq.(3.1) is equivalent to appearance of an extra eikonal scattering factor associated with
an additional parton in the projectile. In this sense R creates an additional parton in the projectile wave
function. The Wilson line S involves the projectile color field and has the meaning of the eikonal s-matrix
of a target parton that scatters on the projectile. Here we have denoted the functional Fourier transform
of W˜T [αT ] by WT [S]. In the following we will use the notation that stresses the similar role of R and S
and the duality between the two
U¯(x) ≡ R(x); U(x) ≡ S(x) (3.3)
The structure of the weight functions WP and WT is crucially important for the subsequent discussion
of unitarity. This structure has been discussed in detail [36, 37]. The presence of a physical gluon at a
transverse position x in the projectile wave function is associated with the factor U¯(x) in WP . Thus for a
wave function that contains a distribution of gluon configurations (numbers and positions), the projectile
weight function has the general form
WP =
∑
n,{a,b;x}
Fn({a, b; x})
n∏
i=1
[U¯aibi(xi)] (3.4)
The physical meaning of the functions Fn has been discussed in [17]. To clarify it let us consider the
eikonal scattering of a QCD projectile state which is a superposition of the QCD Fock space states with
gluons in transverse positions x1, ...,xn with color indices a1, ..., an. The initial QCD projectile state is
thus
|Ψi〉 =
∑
n;xi;ai
Ca1,a2...an |x1, a1; ...; xn, an〉 (3.5)
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while the final state after the scattering we take to be
|Ψf 〉 =
∑
n;xi;bi
Cb1,b2...bn |x1, b1; ...; xn, bn〉 (3.6)
In the eikonal approximation this is the most general final state allowed since neither the number of
gluons nor their transverse positions change during the scattering. The s-matrix element for this process
is calculated using eq.(3.1) with the projectile weight function in eq.(3.4) with
Fn({a, b; x}) = Ca1,a2...an(x1...xn)C∗b1,b2...bn(x1...xn) (3.7)
This in particular means that for {ai} = {bi} the function Fn(a, a, x) has the meaning of the probability
density, and therefore has to be positive
Fn({a, a; x}) ≥ 0 (3.8)
and normalized ∑
n,{a}
∫
{x}
Fn({a, a; x}) = 1; (3.9)
Note that eq.(3.8) is valid for a fixed value of indexes ai - there is no summation over the indexes. These
properties of the functions Fn are the basis of the unitarity conditions discussed below.
Similarly, a gluon in the target wave function carries a factor U(y) in WT , so
WT =
∑
n,{c,d;y}
F¯n({c, d; x})
n∏
i=1
[U ci,di(yi)] (3.10)
with the constraint
F¯n({b, b; y}) ≥ 0 (3.11)
and normalization ∑
n,{b}
∫
{y}
F¯n({b, b; y}) = 1; (3.12)
The calculation of the scattering amplitudes in RFT lends itself to a similar representation as in the
toy model. Define the left and right Fock vacuum states by
〈L|U¯ab = δab〈L|; Uab|R〉 = δab|R〉 (3.13)
Then the s-matrix element for scattering from the initial state |Ψi〉 = |x1, a1; ...; xN , aN 〉T |y1, c1; ...; yM , cM 〉P
to the final state |Ψf 〉 = |x1, b1; ...; xN , bN 〉T |y1, d1; ...; yM , dM 〉P is given by
Sif = 〈L|Ua1b1(x1) . . . UaN bN (xN )U¯ c1d1(y1) . . . U¯ cMdM (yM )|R〉 (3.14)
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3.2 The algebra
Considered as operators on the space of functionals W , the objects U and U¯ have nontrivial commutation
relations. In principle those are directly calculable from the definitions eq.(3.2) but this is not a trivial
calculation. In the literature these commutation relations are usually approximated by those calculated in
the dilute regime. In this regime, where any projectile gluon scatters only on a single target gluon (and
vice versa) the commutator is given by the perturbative scattering amplitude [17]. This is the analog of
the perturbative commutation relation eq.(2.1) in the toy model. Our goal is to determine the algebra of
U and U¯ that goes beyond this perturbative expression.
To do this we use eq.(3.2). Since α is determined by ρ through the solution of classical Yang Mills
equation, in principle this can be done directly. There is one subtlety though related to the gauge invariance
of QCD. The color charge density ρa is not a gauge invariant object, and thus the algebra of U and U¯ in
principle depends on the gauge chosen. This is not a problem in principle, as the commutator of U and U¯
must reproduce summation of perturbation theory diagrams, and we know that different sets of diagrams
contribute in different gauges. Here we will choose the simplest possible setting. In particular it was shown
in [38] that in the Lorentz gauge the classical equation of motion for the color field is given by the first
order perturbative expression
αa(x) =
∫
y
φ(x− y)ρa(y); φ(x− y) = g
2pi
ln
|x− y|
L
(3.15)
The scale L is arbitrary and does not enter calculations of any physical quantities. Additionally the
advantage of this gauge is that it is explicitly symmetric between the projectile and the target, and thus
provides the simplest environment for realization of the duality transformation.
With this choice the Wilson line (reggeized gluon) operators become
U¯(x) = e
Ta δ
δρa(x) ; U(x) = eigT
a
∫
y φ(x−y)ρa(y) (3.16)
These equations imply non-trivial commutation relations, which constitute the algebra of the RFT in
analogy with eq.(2.13) in the toy model. Eq.(3.16) is more complicated than in the zero dimensional case
for two reasons: first, because the basic fields carry color index, and second because the QCD interaction
is nonlocal in the transverse space. Nevertheless they provide explicit realization of the algebra of the
fundamental RFT fields in the RFT Hilbert space.
The commutation relation of the Wilson lines in (3.16) has a simple diagrammatic interpretation.
Consider for example the scattering of one gluon on one gluon. The scattering amplitude up to second
order in αs is given by
〈L|Uab(x)U¯ cd(y)|R〉 = δabδcd − igφ(x− y)T iabT icd +
[
1
2!
igφ(x− y)
]2
(T iT j)ab[(T
iT j)cd + (T
jT i)cd] + . . .
(3.17)
This corresponds to the sum of one and two gluon exchange diagrams in Fig. 1-a. In fact it is easy to
see by explicit calculation that higher order terms organize themselves into all possible diagrams where
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Figure 1. The one, two (Fig. 1-a) and three(Fig. 1-b) gluon exchange contributions to the algebra.
the relative order of the vertices on the target gluon line is permuted in all possible ways. The O(α3s)
contributions correspond to the three gluon exchange diagrams in Fig.1-b.
The one on two gluon scattering amplitude in the two gluon exchange approximation is given by
〈L|Uab(x)U¯ c1d1(y1)U¯ c2d2(y2)|R〉 = δabδc1d1δc2d2 − ig
[
φ(x− y1)T ic1d1δc2d2 + φ(x− y2)T ic2d2δc1d1
]
T iab
+
[
1
2!
igφ(x− y1)
]2
(T iT j)ab[(T
iT j)c1d1 + (T
jT i)c1d1 ]δc2d2
+
[
1
2!
igφ(x− y2)
]2
(T iT j)ab[(T
iT j)c2d2 + (T
jT i)c2d2 ]δc1d1
− 1
2!
g2φ(x− y1)φ(x− y2)(T iT j)ab[T ic1d1T jc2d2 + T ic2d2T
j
c1d1
] + . . . (3.18)
Diagrammatically this is depicted in Fig.2. It is now clear what types of diagrams are encoded in the
algebra of (3.16).
With the algebra encoded in (3.16) and the rule for calculating scattering amplitudes eq.(3.14) the
framework of the QCD RFT is defined. To complete the RFT framework one needs to specify the Hamilto-
nian HRFT that generates the evolution of the scattering amplitude in energy. This Hamiltonian currently
is known in the limit where the projectile is dilute, and the target is dense - the so called dense-dilute limit.
We will define this Hamiltonian below. But before setting along this route we will formalize the unitar-
ity constraints on the energy evolution imposed by requiring that the energy evolution of the scattering
amplitude is a manifestation of a unitary evolution of the QCD wave function of a hadronic state.
4 QCD unitarity and the RFT evolution
In general the energy evolution is generated by the action of the RFT Hamlitonian HRFT [U, U¯ ]. The
s-matrix element of eq.(3.14) evolved to rapidity Y is given by
Sif (Y ) = 〈L|Ua1b1(x1) . . . UaN bN (xN )eY HRFT [U,U¯ ]U¯ c1d1(y1) . . . U¯ cMdM (yM )|R〉 (4.1)
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Figure 2. The one and two gluon exchange contributions to the algebra to one on two scattering.
Although eq.(4.1) gives the evolution of the scattering amplitude, our discussion in the previous section
allows us to reinterpret it in terms of the evolution of the wave function.
In particular let us consider only the target part of this expression. This can be interpreted as the
evolution of the target RFT state
〈L|Ua1b1(x1) . . . UaN bN (xN )→ 〈L|Ua1b1(x1) . . . UaN bN (xN )eY HRFT (4.2)
=
∑
n,{a¯,b¯;x¯}
FnN (Y, {a, b,x; a¯, b¯, x¯})〈L|
n∏
i=1
[U a¯ib¯i(x¯i)]
Here to calculate the right hand side of the equality one has to commute all the operators U¯ that are present
in the evolution operator eY HRFT all the way to the left next to 〈L|, at which point they disappear and the
resulting expression by definition can be written as a superposition of states with different numbers of the
projectile gluons. The coefficients in this superposition, the functions FnN depend on the initial state being
evolved and the evolution parameter Y . The summation in principle goes over all possible gluon numbers
n from zero to infinity as well as all possible transverse positions and color indexes of these gluons.
This evolution of the RFT state must be inherited from the unitary evolution to higher energy of the
QCD wave function with N gluons. The QCD wave function that results from the evolution must of course
satisfy all the properties of a wave function of a normalized state in the Hilbert space, i.e. of the form
eq.(3.5). Therefore the coefficients FnN must also be of the form eq.(3.7).
We are therefore lead to the following conditions imposed by the unitarity of QCD evolution:
1 > FnN (Y, {a, a,x; a¯, a¯, x¯}) > 0;
∑
n
∑
a¯
∫
{dx¯}FnN (Y, {a, a,x; a¯, a¯, x¯}) = 1 (4.3)
Note that there is no summation over ai or a¯i in the first of these equations, while in the second only
indexes a¯i are summed over. The transverse coordinates {xi} are fixed in both equations as well.
We will refer to this as the target unitarity condition.
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This discussion can be repeated verbatum for the projectile. In eq.(4.1) we can act with the evolution
operator on the projectile state and generate the evolved projectile RFT state
U¯ c1d1(y1) . . . U¯
cMdM (yM )|R〉 → eY HRFT [U,U¯ ]U¯ c1d1(y1) . . . U¯ cMdM (yM )|R〉 (4.4)
=
∑
m,{c¯,d¯;y¯}
GmM (Y, {c, d,y; c¯, d¯, y¯})
m∏
i=1
[U¯ c¯id¯i(y¯i)]|R〉
The coefficients GmM are subject to the projectile unitarity condition
1 > GmM (Y, {c, c,y; c¯, c¯, y¯}) > 0;
∑
m
∑
c¯
∫
{dy¯}GmM (Y, {c, c,y; c¯, c¯, y¯}) = 1 (4.5)
Both equations eq.(4.3) and eq.(4.5) have to be satisfied simultaneously with the same Hamiltonian HRFT .
Our procedure to check whether the unitarity conditions are satisfied will be based on the following
steps.
1. Given HRFT , act with it on the projectile wave function dispensing of all the operators U by
commuting them all the way to the right.
2. Represent the resulting expression as expansion in powers of U¯(y), and identify the expansion
coefficients GnN .
3. Verify that the diagonal coefficients GnN (c, c,y; c¯, c¯, y¯; ) satisfy eq.(4.5).
4. Repeat the procedure for the target.
5 Unitarity violation in JIMWLK evolution
5.1 The JIMWLK limit
To complete our setup of RFT we need to specify the Hamiltonian of the evolution HRFT . This Hamiltonian
is known in the limit when the projectile is dilute and the target is dense. In this limit HRFT is given by
the JIMWLK Hamiltonian.
HJIMWLK =
αs
2pi2
∫
x,y,z
(x− z) · (y − z)
(x− z)2(y − z)2
[
2J aL(x)J bR(y)U¯ab(z)− J aL(x)J aL(y)− J aR(x)J aR(y)
]
(5.1)
The right and left rotation operators are defined as [39]
J aL(x) = ρb(x)
[
1
2
T e
δ
δρe(x)
(
coth
[
1
2
T e
δ
δρe(x)
]
− 1
)]ba
,
J aR(x) = ρb(x)
[
1
2
T e
δ
δρe(x)
(
coth
[
1
2
T e
δ
δρe(x)
]
+ 1
)]ba
,
(5.2)
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The function on the right hand side as usual should be understood as a power series expansions. For
a single variable t we define
ML(t) ≡ t
2
(
coth
t
2
− 1
)
=
t
et − 1 =
∞∑
m=0
B−mtm
m!
=
∞∑
m=0
C−mt
m
MR(t) ≡ t
2
(
coth
t
2
+ 1
)
=
t
1− e−t =
∞∑
m=0
B+mt
m
m!
=
∞∑
m=0
C+mt
m
(5.3)
Here B−m and B+m are Bernoulli numbers. They have the properties that B
−
2n = B
+
2n for all even integers
2n while B−2n+1 = B
+
2n+1 = 0 for all odd integers 2n + 1 except B
−
1 = −12 = −B+1 . Also the relations
ML(t) = MR(t)e
−t and MR(t) = ML(t)et can be readily verified.
The operators J aL(x),J aR(x) act as left rotation and right rotation on the Wilson line U¯mn(x),
[J aL(x), U¯mn(y)] = −(T aU¯(y))mnδ(x− y) ,
[J aR(x), U¯mn(y)] = −(U¯(y)T a)mnδ(x− y) .
(5.4)
and satisfy the SU(N)× SU(N) commutation relations:
[J aL(x),J bL(y)] = ifabcJ cL(x)δ(x− y) ,
[J aR(x),J bR(y)] = −ifabcJ cR(x)δ(x− y) .
(5.5)
[J aL(x),J aR(y)] = 0 . (5.6)
The Hamiltonian eq.(5.1) has been derived in several approaches directly from the fundamental QCD
theory in the dense-dilute regime. In the present context the dense-dilute regime means that one of the
scattering objects, say projectile contains a small number of gluons, m¯ ∼ 1, while the other contains a
parametrically large number n ∼ 1/α2s.
As first discussed in [35] the full RFT Hamiltonian should be invariant under the dense-dilute duality
transformation
ρa(x)↔ − i
g
δ
δαa(x)
(5.7)
Physically this transformation corresponds to interchanging the projectile and the target. It should be the
symmetry of the RFT Hamiltonian, as it is just the matter of choice which one of colliding objects one
calls projectile, and which one target [35]. The Hamltonian eq.(5.1) is clearly not symmetric under this
transformation. This is not surprising since it is designed to describe a clearly asymmetric situation where
the target and projectile qualitatively differ from each other. The situation is similar to that in the zero
dimensional toy model, where we saw that the lack of self duality meant that the action of the Hamiltonian
on the projectile and target wave functions is very different.
In this section we study the action of the JIWMLK Hamiltonian on the projectile and target wave
functions. We will see that the situation again mirrors that of a toy model, i.e. the action of HJIMWLK
on the dilute wave function is unitary but on the dense one is not.
Let us first consider the action on a dilute projectile.
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5.2 Dilute projectile evolution is unitary.
Since the JIMWLK Hamiltonian contains products of only two rotation generators it can act at most at
two factors of U¯ in the projectile wave function. Thus without loss of generality we consider the projectile
that only contains two such factors. A little algebra gives
HJIMWLKU¯
p1q1(y1)U¯
p2q2(y2)
=
1
2pi
∫
x
Nc[i∂xφ(x− y1)]2U¯p1q1(y1)U¯p2q2(y2) +Nc[i∂xφ(x− y2)]2U¯p1q1(y1)U¯p2q2(y2)
+ 2[i∂xφ(x− y1)][i∂xφ(x− y2)][T eU¯(y1)]p1q1 [T eU¯(y2)]p2q2
+Nc[i∂xφ(x− y1)]2U¯p1q1(y1)U¯p2q2(y2) +Nc[i∂xφ(x− y2)]2U¯p1q1(y1)U¯p2q2(y2)
+ 2[i∂xφ(x− y1)][i∂xφ(x− y2)][U¯(y1)T e]p1q1 [U¯(y2)T e]p2q2
− 2U¯ ed(x)[i∂xφ(x− y1)]2[T eU¯(y1)T d]p1q1U¯p2q2(y2)− 2U¯ ed(x)[i∂xφ(x− y2)]2[T eU¯(y2)T d]p2q2U¯p1q1(y1)
− 2U¯ ed(x)[i∂xφ(x− y1)][i∂xφ(x− y2)]
(
[T eU¯(y1)]
p1q1 [U¯(y2)T
d]p2q2 + [T eU¯(y2)]
p2q2 [U¯(y1)T
d]p1q1
)
(5.8)
First consider terms that contain two factors of U¯ . Those arise from the virtual term in HJIMWLK .
To extract probabilities for these states, we set U¯ → I and focus on diagonal elements p1 = q1, p2 =
q2. Note that single gluon exchange pieces like [T
eU¯(y1)]
p1q1 and [T eU¯(y2)]
p2q2 do not contribute to
forward scattering amplitudes and thus vanish once we set U¯ equal to unit matrix. Recall that we are
interested in the wave function after evolution over a small rapidity interval ∆, i.e. we should consider
exp[∆HJIMWLK ] ≈ 1 + ∆HJIMWLK . The probability to find the two gluon state in the evolved wave
function is therefore (this probability does not depend on the value of color indexes p1 and p2)
P(2)(y1,y2) = 1−
∆
pi
Nc
∫
x
(
[∂xφ(x− y1)]2 + [∂xφ(x− y2)]2
)
. (5.9)
which for small ∆ is positive and smaller than unity.
Terms that contain three factors of U¯ represent three gluon states in the evolved wave function.
Separating these terms, setting U¯ to unity and focusing on p1 = q1, p2 = q2, one obtains the probability
for three gluon state with color indices p1, p2, e
P(3)(x, e; y1, p1,y2, p2) =
∆
pi
(
[∂xφ(x− y1)]2
∑
q
fep1qfe,p1q + [∂xφ(x− y2)]2
∑
q
fep2qfe,p2q
)
(5.10)
The emitted gluon associated with the factor U¯ ed(x) can be at an arbitrary transverse position x. Different
values of x correspond to orthogonal components of the wave function containing gluons at different
transverse positions. The probabilities, P(3)(x; y1,y2) have to be positive for arbitrary x and arbitrary
values of color indexes, and indeed they are. When integrating over x and summing over color index e
we get P(2) +
∫
x
∑
e P(3) = 1 thus conserving the total probability. As expected the evolution of a dilute
projectile preserves unitarity.
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As a popular example, consider the dilute projectile to be a dipole composed of two gluons.
d(y1,y2) =
1
N2c − 1
Tr[U¯(y1)U¯
†(y2)] . (5.11)
Note that in the adjoint representation [T jU¯(y2)]
p1q1 = −[U¯ †(y2)T j ]q1p1 .
The evolution in this case is simply the right hand side of the BK equation:
δd(y1,y2) =
∆
pi
[∫
x
K(x,y1,y2)(Tr
[
U¯(y1)U¯
†(y2)
]
− Tr
[
T jU¯(y1)U¯
†(x)T jU¯(x)U¯ †(y2)
]
)
]
(5.12)
with
K(x,y1,y2) =
(
[i∂xφ(x− y1)]2 + [i∂xφ(x− y2)]2 − 2[i∂xφ(x− y1)][i∂xφ(x− y2)]
)
= − g
2
(2pi)2
(y1 − y2)2
(x− y1)2(x− y2)2
(5.13)
Clearly probabilities of the new state components (extra gluon at x with an arbitrary color index) are
positive and add up to unity.
5.3 Unitarity Violation for Dense Target
We now study evolution of the dense target wave function within JIMWLK approximation. While the
action of HJIMWLK on the projectile is straightforward, understanding how it acts on the dense target
presents a significant challenge. For example, JL and JR act on U¯ as a simple left and right rotation. On
the other hand to act with either of them on U one has to realize the infinite number of derivatives in
eq.(5.2). Nevertheless, as we will see below we can make some headway using the fact that while scattering
on a dilute projectile each target gluon can exchange no more than two gluons.
To facilitate the calculation we first reexpress the JIMWLK Hamiltonian in a different form using
integration by parts. We start with eq.(5.1) which we write as
HJIMWLK =
1
2pi
∫
x,y,z
∂2x[iφ(x− y)iφ(x− z)]
[
−2U¯ ed(x)J eL(y)J dR(z) + J eL(y)J eL(z) + J eR(y)J eR(z)
]
We now integrate by parts over x. Upon integration by parts the terms not involving U¯(x) vanish, and we
obtain
HJIMWLK =
1
2pi
∫
x,y,z
[
−2∂2xU¯ ed(x)
]
[iφ(x− y)J eL(y)][iφ(x− z)J dR(z)] (5.14)
This form of the JIWMLK Hamitonian will be our starting point for analyzing its action on a dense object∗.
∗ Note that in order to be able to perform integration by parts in eq.(5.14) we need to assume that φ(x−y) x→∞−−−−→ 0. This
implies that the scale L in eq.(3.15) has to be set equal to the linear size of the system. Although this is perfectly acceptable,
we point out that for amplitudes which involve the projectile in globally gauge invariant initial and final state this does not
matter. Changing the scale L amounts to shifting φ by a constant in eq.(5.14) which generates terms proportional to
∫
y
J eL(y)
and
∫
y
J eR(y). These vanish for a globally color singlet projectile. The projectile color singlet condition poses no restrictions
on possible target states, and thus we will continue to deal with all possible states in the Fock space basis of the target.
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Our goal now is to act with the Hamiltonian in eq.(5.14) on a string of matrices U representing the
target state. First, we recall that in the dense-dilute limit each factor U can only exchange two gluons
with whatever object it scatters on. Practically this means that we should expand every factor of U in the
wave function to second order in ρ. The truncated form of U is
U(x) = 1 + igT aαa(x)− g
2
2
T aT bαa(x)αb(x) (5.15)
This although seemingly a trivial matter has an interesting effect. After experiencing two gluon exchanges
any given target gluon cannot scatter anymore and thus disappears from the wave function. As we will
see this has a resut that HJIMWLK when acting on the target actually annihilates gluons present in the
dense wave function - the effect opposite to its action on the dilute wave function, where it creates new
gluons see eq.(5.8). This state of affairs is very similar to the zero dimensional toy model we have discussed
in Section II.
So how do we in practice evaluate the action of the Hamiltonian on the string of U ’s? The general
idea is the following. Using eqs.(3.16,5.2) we express HJIMWLK as a function of δ/δρ
a and ρa. We then
act with the derivatives on the string of U ’s in the straightforward manner. This gives us a function of
ρa(x), or equivalently αa(x). We then express these factors of αa(x) in terms of U essentially inverting
eq.(5.15). The result then is a function of U ’s only, which now can be written as a series in powers of U
and the unitarity condition can be analyzed.
The procedure outlined above in principle allows one to calculate probabilities of all the Fock compo-
nents of the evolved wave function. However in practice this involves very lengthy algebra. We will not
pursue this in full generality, but will rather only calculate explicitly ”probabilities” of two Fock space
components: we start with the target state that has N gluons, allow it to evolve over very short evolution
interval ∆, and calculate the probability of the evolved state to have N and N − 1 gluons. Even this
calculation is rather technical, but we feel that it is a ”necessary evil” and present the main steps in this
section. At the end of the day we will find that the probability for N − 1 gluon state is negative, while
that of the original N gluon state is not changed by the evolution. This unambiguously establishes the
violation of unitarity.
We start with the following simple observation. Any factor of U in the target wave function after
scattering on the Hamiltonian (i.e. being acted upon by the Hamiltonian) will have to be set to unit matrix
for the purpose of extracting probabilities. This means that it has to either not scatter on HJIMWLK at
all, or scatter via a singlet two gluon exchange. If it exchanges only one gluon with the Hamiltonian, its
contribution will vanish upon setting U = 1. Mathematically this is just the statement that for U given
by eq.(5.15) one has
δ
δρa(x)
U bb(y)|α=0 = 1 (5.16)
Thus the derivative δ/δρa in HJIMWLK will always act in pairs on factors of U , and each such pair will
annihilate one U . After utilizing all derivatives δ/δρa in HJIMWLK we will be left with two factors of α
a(x)
contained in J eL and J eR. These two factors have to be combined into U according to eq.(5.15). Note that
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the two factors have to be combined into the same U . If each α(x) represents a single gluon exchange of a
separate U , this contribution will vanish after setting U = 1 for the same reason as discussed above. This
means that for the calculation of the probabilities only those terms in HJIMWLK matter which have the
two factors of α(x) at the same transverse coordinate. Such terms can be extracted by rewriting∫
y
iφ(x− y)J eL(y) =
∫
y
iφ(x− y)ρp(y)MpeL [T aδ/δρa(y)]
=
1
g
∫
y
iφ(x− y)∂2yαp(y)MpeL [T aδ/δρa(y)]
=
1
g
∫
y
i∂2yφ(x− y)αp(y)MpeL [T aδ/δρa(y)] +
1
g
∫
y
iφ(x− y)αp(y)∂2yMpeL [T aδ/δρa(y)]
+
2
g
∫
y
i∂yφ(x− y)αp(y)∂yMpeL [T aδ/δρa(y)] .
(5.17)
Using ∂2φ(x− y) = gδ2(x− y) we see that only in the first term the transverse coordinate of α is the same
as that of JL . Therefore only this term will contribute to the calculation of probabilities. Thus for the
purpose of calculation of probabilities only we use∫
y
iφ(x− y)J eL(y) ' iαp(x)MpeL [T aδ/δρa(x)] (5.18)
Following similar argumentation, we also obtain∫
z
iφ(x− z)J eR(z) =
∫
z
iφ(x− z)ρq(z)M qeR [T aδ/δρa(z)]
' iαq(x)M qeR [T aδ/δρa(x)] .
(5.19)
We thus consider the simplified version of the JIMWLK Hamiltonian that is equivalent to HJIMWLK
as far as extracting probabilities of the evolved states†
H˜JIMWLK =
1
2pi
∫
x
[
2∂2xU¯
ed(x)
]
MpeL [T
aδ/δρa(x)]M qdR [T
aδ/δρa(x)]αp(x)αq(x) (5.20)
In the approximation eq.(5.15) the relation between the product αp(x)αq(x) and the one gluon Wilson
line is
g2αp(x)αq(x) =
2
Nc
δpq + 4Uab(x)
[
Tr(tatqtbtp) + Tr(tatptbtq)
]
(5.21)
where ta are generators in the fundamental representation. This can be explicitly verified by expanding
Uab(x) = eigα
m(x)Tm to second order in αm(x), and is done in Appendix A.
†In writing (5.20), we have ignored the terms arising from the action of J dR on J eL etc. within the Hamiltonian, as these
terms contain a single power of α and thus again do not contribute to probabilities.
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We are now ready to calculate probabilities to find a fixed number of gluons in the evolved dense state
by considering the expression
Ua1b1(x1)U
a2b2(x2) . . . U
aN bN (xN )HJIMWLK . (5.22)
The Hamiltonian H˜JIMLWK contains infinite series in derivatives δ/δρ, which act in pairs on different
factors of U . The result of such an action is annihilating the Wilson line on which the two derivatives act
δ
δρc1x
δ
δρc2x
Ualbl(xl) = g
2
∫
y1,y2
φ(x− y1) δ
δαc1y1
φ(x− y2) δ
δαc2y1
(
− 1
2!
(T a1T a2)αa1xlα
a2
xl
)
= −g2 1
2!
(T c1T c2 + T c2T c1)alblφ(x− xl)φ(x− xl)
(5.23)
This is the consequence of the two gluon exchange approximation eq.(5.15) inherent in the JIMWLK limit.
Since the expansion of H˜JIMWLK in the derivatives starts at the order (δ/δρ)
2, at least one gluon in the
unevolved wave function is annihilated. On the other hand the only ”new” gluons are created by the
factor αα, which according to eq.(5.21) creates at most one factor of U , or one additional gluon. It is thus
clear that the JIMWLK Hamiltonian does not increase the net number of gluons in the wave function of a
dense target. Instead it generates Fock states with at most the same number of gluons as in the unevolved
state. This stands in stark contrast to its action on a dilute projectile such as U¯ c1d1(y1)U¯
c2d2(y2), where
it produces states with higher number of gluons.
Explicitly we have
U¯ ed(x) =
[
e
Ta δ
δρax
]ed
MpeL [T
aδ/δρa(x)] = 1− 1
2
T c1
δ
δρc1x
+
1
12
(T c1T c2)
δ
δρc1x
δ
δρc2x
− 1
720
(T c1T c2T c3T c4)
δ
δρc1x
δ
δρc2x
δ
δρc3x
δ
δρc4x
+ . . .
M qdR [T
aδ/δρa(x)] = 1 +
1
2
T c1
δ
δρc1x
+
1
12
(T c1T c2)
δ
δρc1x
δ
δρc2x
− 1
720
(T c1T c2T c3T c4)
δ
δρc1x
δ
δρc2x
δ
δρc3x
δ
δρc4x
+ . . .
(5.24)
The terms, in which one of the derivatives δ/δρax comes from the expansion of U¯
ed, contain one or two
spatial derivatives:(
∂2x
δ
δρc1x
)
δ
δρc2x
Ualbl(xl) = − 1
2!
(T c1T c2 + T c2T c1)alblg
3δ(x− xl)φ(x− xl), (5.25)
(
∂x
δ
δρc1x
)
δ
δρc2x
Ualbl(xl) = − 1
2!
(T c1T c2 + T c2T c1)alblg
2Bi(x− xl)φ(x− xl), (5.26)
(
∂x
δ
δρc1x
)(
∂x
δ
δρc2x
)
Ualbl(xl) = − 1
2!
(T c1T c2 + T c2T c1)alblg
2Bi(x− xl)Bi(x− xl) (5.27)
where Bi(x− xl) = ∂∂xiφ(x− xl).
Only terms with even number of δ/δρax are kept in the H˜JIMWLK when combining different terms
from the expansions of U¯ ed,MpeL and M
qd
R .
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5.3.1 The N Gluon Component of the Evolved State
We now return to eq.(5.22) and calculate the probability to find an N gluon state after the original N
gluon state has been evolved by a (infinitesimally) small rapidity interval ∆. To do this we need to keep
only those terms in H˜JIMWLK which do not change the number of gluons. Using eqs. (5.20), (5.21), (5.24),
these terms are
H˜
(N)
JIMWLK =
1
2pi
1
g2
∫
x
{
∂2x
(
T c1
δ
δρc1x
)ed [
δpe
(
1
2
T c2
δ
δρc2x
)qd
+
(
−1
2
T c2
δ
δρc2x
)pe
δqd
]
+ ∂2x
(
1
2
(T c1T c2)
δ
δρc1x
δ
δρc2x
)ed
δpeδqd
}
4Uab(x)
[
Tr(tatqtbtp) + Tr(tatptbtq)
]
=
1
2pi
1
g2
∫
x
−1
2
(T c1T c2 + T c2T c1)pq
(
∂2x
δ
δρc1x
)
δ
δρc2x
+
1
2
(T c1T c2)pq
[(
∂2x
δ
δρc1x
)
δ
δρc2x
+
δ
δρc1x
(
∂2
δ
δρc2x
)]
+ (T c1T c2)pq∂x
δ
δρc1x
∂x
δ
δρc2x
4Uab(x)
[
Tr(tatqtbtp) + Tr(tatptbtq)
]
=
1
2pi
1
g2
∫
x
(T c1T c2)pq∂x
δ
δρc1x
∂x
δ
δρc2x
4Uab(x)
[
Tr(tatqtbtp) + Tr(tatptbtq)
]
(5.28)
Applying this to the N gluon state we find
Ua1b1(x1)U
a2b2(x2) . . . U
aN bN (xN )H˜
(N)
JIMWLK
=
N∑
l=1
Ua1b1(x1) . . . U
al−1bl−1(xl−1)Ual+1bl+1(xl+1) . . . UaN bN (xN )
1
2pi
∫
x
(T c1T c2)pq
×
[
− 1
2!
(T c1T c2 + T c2T c1)alblBi(x− xl)Bi(x− xl)
]
4Uab(x)
[
Tr(tatqtbtp) + Tr(tatptbtq)
] (5.29)
To extract probabilities, we set all the Umn → δmn and fix the indexes m. This gives the probability density
of evolving of a Fock state |x1, a1; ...xN , aN 〉 into a state in which the original gluon at the transverse position
xl with color al has been annihilated but at the same time a gluon at transverse position x with color a is
created. The probability density has the form
PN ({xi, ai}; x1, a1...xl−1, al−1; xl+1, al+1...xN , aN ; x, a) (5.30)
=
∆
2pi
(T c1T c2)pq
[
− 1
2!
(T c1T c2 + T c2T c1)alalBi(x− xl)Bi(x− xl)
]
4 [Tr(tatqtatp) + Tr(tatptatq)]
for x 6= xl. Note that there is no summation over repeated color indices in the above expression. Performing
the color algebra we have (see Appendix A)
− 1
2
(T c1T c2)pq(T
c1T c2 + T c2T c1)alal4 [Tr(t
atqtatp) + Tr(tatptatq)]
=− 2 [Tr(T qT alT alT p) + Tr(T pT alT alT q)] [Tr(tatqtatp) + Tr(tatptatq)]
=− 4
(
− 1
2Nc
δaaδalal +
1
2Nc
δaalδaal +
1
4
[(DalDal)aa − (T alT al)aa]
) (5.31)
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Here Dabc = dabc is the totally symmetric structure constant of SU(N) algebra.
The probability PN has to be positive for any x and any value of indexes al and a. To make things
easier to understand we sum this expression over the index a. This sum should also be positive if it is the
sum of positive numbers. We then have
4Uab(x)
[
Tr(tatqtbtp) + Tr(tatptbtq)
]
→ − 2
Nc
δpq (5.32)
and ∑
a
PN ({xi, ai}; x1, a1...xl−1, al−1; xl+1, al+1...xN , aN ; x, a) = ∆
pi
NcBi(x− xl)Bi(x− xl) (5.33)
This expression is positive for any x and xl as the probability should be, and thus does not contradict
unitarity.
However consider now the situation where x is equal to the transverse coordinate of one of the existing
gluons and the color index a = al. The corresponding quantity PN is then not a probability by itself, but
the change in the probability to find the original configuration after the evolution. Unitarity requires this
correction to be negative, as it has to cancel the contribution to the total probability due to all other states
generated by the evolution. However setting al = a in eq.(5.31) we find that this correction vanishes since
daac = 0 and faac = 0. We thus find that the correction to the original Fock state probability vanishes,
which unambiguously means that unitary is violated.
To see that this violation indeed is reflected in negative probabilities, we now perform the calculation
for a state with N − 1 gluons.
5.3.2 The N − 1 Gluon Component of the Evolved State
There are two routes to obtain a state with N − 1 gluons as a result of the evolution: one can either kill
one gluon or kill two gluons and create one new gluon - the extra factor U in the Hamiltonian. The former
possibility lends itself to the same analysis as above. If the gluon at transverse position xl is killed, one
obtains the N − 1 gluon state |x1, a1 . . .xl−1, al−1; xl+1, al+1 . . .xN , aN 〉 with the probability
P0N−1({xi, ai}; x1, a1...xl−1, al−1; xl+1, al+1...xN , aN ) = −2Nc
∆
2pi
∫
x
Bi(x− xl)Bi(x− xl) (5.34)
This expression follows directly from the result of the preceding subsection since the only difference in the
calculation is that this contribution comes from the first term rather than second term in eq.(5.21). Using
eq.(5.32) we see that the two coefficients are equal in magnitude and opposite in sign.
Note that this contribution to probability is negative. This is not the complete result yet. We need
to consider also the second route of generating the N − 1 gluon state. This latter possibility is more
complicated. We present the calculations in detail in Appendix B. It is easiest to calculate the sum of the
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probabilities like in the previous subsection. We obtain the explicit expression:
1
(N2c − 1)2
∑
al,ak,a
P1N−1({xi, ai}; x1, a1...xl−1, al−1; xl+1, al+1...xk−1, ak−1,xk+1, ak+1...xN , aN ; x, a)
= − 5
24
N4c
(N2c − 1)
∆
2pi
g2Bi(x− xl)Bi(x− xk)φ(x− xl)φ(x− xk) .
(5.35)
We note the following. In principle eq.(5.35) with x = xk has to be added to eq.(5.34) to form the
total probability to annihilate a gluon at xl. However the expression in eq.(5.35) is O(α
3
s), while eq.(5.34)
is O(αs). Being parametrically smaller, the contribution from eq.(5.35) can never compensate the negative
contribution of eq.(5.34). Thus we conclude that a state where one of the existing gluons disappears in one
step of the evolution has a negative probability.
When x 6= xl,xk, eq.(5.35) by itself constitutes a probability to find a state where two gluons have
been annihilated and one new gluon created at a different transverse position. Examining the RHS of
eq.(5.35) we see that its sign is not fixed but rather depends on the position of the point x. It is obvious
for example, that at least for configurations where this extra gluon is created far away from all the existing
gluons, i.e. |x|  |xl|, |xk|, this probability is also negative.
We conclude that appearance of negative probabilities is ubiquitous in the JIMWLK evolution and
thus the violation of unitarity is quite brazen.
6 Discussion
Let us recap the results of this paper.
We have given the formal definition of the algorithm for calculation of scattering amplitudes in QCD
RFT in terms of the “correlators” of strings of U ’s and U¯ ’s - the basic RFT degrees of freedom. As part
of this algorithm we have also provided explicit realization of the field algebra of RFT. This algebra has
an intuitive interpretation in terms of QCD gluon-gluon scattering amplitude.
Starting from the eikonal approximation for calculation of the QCD amplitudes, we have formulated
the unitarity conditions on the HRFT . These conditions stem directly from the requirement that the RFT
calculation has to be equivalent to a calculation performed in terms of normalized QCD wave functions.
It lead us to identify certain coefficients in the action of HRFT on an RFT amplitude with probabilities,
which thus have to be positive and bounded by unity.
We further discussed how these unitarity conditions are realized in the JIMWLK limit of RFT, where
one of the scattering objects is dilute and the other one is dense. In this limit the RFT Hamiltonian -
HJIMWLK is known. We found that when acting on the dilute projectile, the action of HJIMWLK indeed
satisfies the unitarity conditions. On the other hand we have proven for the first time, that the unitarity is
violated by HJIMWLK when acting on the dense target. In this case we have demonstrated that negative
“probabilities” arise.
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The action of HJIMWLK on the dense target state bears many similarities to the zero dimensional toy
model studied in [1]. We observed that when interpreted in terms of the energy evolution of the underlying
QCD state, apart from generating negative probabilities the JIMWLK evolution possesses another curious
property. Generally one expects that the evolution of a QCD state in energy leads to increase in number
of gluons. The process of physical gluon annihilation in the wave function of QCD is not associated
with leading longitudinal logarithms, but emission of gluons is, and thus the number of gluons should
always increase under the evolution. One does expect the rate of growth of number of gluons to behave
differently for a dilute and a dense system. In a dilute system this rate is proportional to the number
of gluons present in the wave function, as emissions from different color sources are independent. In a
dense state on the other hand the rate of growth is constant and independent of the number of existing
gluons, since the process of emission is fully coherent. It is in this sense that one talks about “saturation”
in the dense gluon state. In both situations however, the net number of gluons should grow with energy.
However as discussed in detail in Section 5, JIMWLK evolution of the dense target leads to admixture in
the initial state of states with smaller number of gluons, and never larger. So rather than generating more
gluons with positive probabilities, the evolution generates less gluons with negative probabilities! These
two minuses make a plus, which results in the correct evolution of the S-matrix when viewed from the
target side.
It is amusing to note that the evolution of the dilute projectile is frequently referred to in the literature
as “gluon splitting”, while that of the dense target as “gluon merging”. The picture of the evolution in
terms of the wave function we described above conforms with this terminology in a peculiar way. Evolution
of the projectile indeed is due to splitting of gluons in the wave function, while the dense target indeed
experiences gluon merging, since the number of gluons decreases with energy. This of course with the
disclaimer that the merging happens with negative probability and thus cannot be interpreted as a real
physical process. We stress, that physically the gluons in QCD wave function do not merge, but always
“split”, albeit the splitting process is coherent at high density.
Our analysis in this paper makes it clear what is the physical mechanism which leads to misidentification
of the wave function evolution as “merging”. The root cause lies in limiting scattering amplitude of any
target gluon by at most two gluon exchanges. Any target gluon that exchanges two gluons with the
Hamiltonian does not scatter on the projectile, and thus effectively disappears from the wave function.
We note that this situation again is very similar to the zero dimensional toy model. This observation also
suggests a possible way forward to restore the unitarity: one should allow for arbitrary number of exchanges
of a given target gluon with the projectile. This is necessary for regaining unitarity, and simultaneously is
also required at high enough energies where the projectile is not dilute anymore.
However even if one allows for more exchanges it is most likely that the unitarity will not be fully
restored. This is the lesson we learned in a zero dimensional toy model. One also needs to modify the RFT
Hamiltonian itself. In the perfect world this modification should be derived directly within QCD similarly
to the derivation of HJIMWLK . Some attempts in this direction have been made in the past [40–43]. This
is a hard problem and it is still awaiting solution.
A somewhat less ambitious approach could be to try and determine the full RFT Hamiltonian by
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requiring that it is self dual. Although self duality may not be sufficient to restore unitarity, it is likely
to be a necessary condition. One could try the effective field theory approach, i.e. given the degrees of
freedom (in our case U and U¯) to search for a Hamiltonian which possesses the known symmetries. In our
case the relevant symmetries are self duality and an additional pair of discrete Z2 symmetries - the charge
conjugation and the signature symmetry [17]. This is left for future work.
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A Color algebra for N gluon state
A.1 Inverting the relation between U and α
In this section, we explicitly verify eq. (5.21). We start with the color identity [44]
Tr(tatqtbtp) =
1
4Nc
δaqδbp +
1
8
(daqedbpe − faqefbpe + ifaqedbpe + ifbpedaqe)
=
1
4Nc
δaqδbp +
1
8
((DqDp)ab − (T qT p)ab + (T qDp)ab − (DqT p)ab)
(A.1)
with the identifications fabc = iT
a
bc and dabc = D
a
bc. Here dabc is a totally symmetric tensor with respect to
the indices a, b, c. One then obtains
Tr(tatqtbtp) + (p↔ q) = 1
4Nc
(δaqδbp + δapδbq) +
1
8
((DqDp +DpDq)ab − (T pT q + T qT p)ab) (A.2)
using the relation (T qDp)ab − (DpT q)ab = ifqprDrab. Note that the imaginary terms cancel.
We now use the expansion of Uab(x) to second order
Uab(x) = δab + igT eabα
e(x)− g
2
2
(TmTn)abα
m(x)αn(x) (A.3)
and substitute it into the right hand side of eq. (5.21). We find that the zeroth order term in α vanishes
after using Tr(DpDq) = δpq(N2c − 4)/Nc and Tr(T pT q) = Ncδpq. The first order term in α also vanishes
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because T eab is antisymmetric with respect to a, b. The second order terms combine into
− g2 1
Nc
(TmTn)pqα
m(x)αn(x)− g
2
4
αm(x)αn(x)
(
Tr[(DqDp +DpDq)TnTm]− Tr[(T pT q + T qT p)TnTm]
)
=g2αp(x)αq(x)
(A.4)
where we have used the identity
Tr(T aT bT cT d)− Tr(T aT bDcDd) = δadδbc + δacδbd + 2
Nc
(T aT b)dc . (A.5)
Thus relation (5.21) is proved.
A.2 The virtual term
In this section we provide details of the calculation leading to eq.(5.31). In the following no summation
over repeated indexes al and a is assumed.
For adjoint generators, one has the following identity
Tr(T qT alT alT p) = δqpδ
alal + δpalδqal . (A.6)
For fundamental generators, one has
[Tr(tatqtatp) + Tr(tatptatq)] =
1
2Nc
δapδaq +
1
8
[(DpDq +DqDp)aa − (T pT q + T qT p)aa] . (A.7)
Consequently,
Tr(T qT alT alT p) [Tr(tatqtatp) + Tr(tatptatq)]
=
1
2Nc
δaaδalal +
1
4
δalal [(DpDp)aa − (T pT p)aa]
+
1
2Nc
δaalδaal +
1
4
[(DalDal)aa − (T alT al)aa]
=− 1
2Nc
δaaδalal +
1
2Nc
δaalδaal +
1
4
[(DalDal)aa − (T alT al)aa]
(A.8)
We have used DpDp = (N2c − 4)/Nc1 and T pT p = Nc1. Then
− 1
2
(T c1T c2)pq(T
c1T c2 + T c2T c1)alal4 [Tr(t
atqtatp) + Tr(tatptatq)]
=− 2 [Tr(T qT alT alT p) + Tr(T pT alT alT q)] [Tr(tatqtatp) + Tr(tatptatq)]
=− 4
(
− 1
2Nc
δaaδalal +
1
2Nc
δaalδaal +
1
4
[(DalDal)aa − (T alT al)aa]
) (A.9)
If we set al = a, then the probability vanishes, since daac = 0 and faac = 0. If we sum over index a,
we get 2Ncδ
alal .
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B Calculation of the probability for N − 1 gluon state.
In this Appendix we give details of the calculation of the probability for the state component with N − 1
gluons that leads to eq.(5.35). Here two gluons are annihilated by the action of derivatives δ/δρax from
U¯ ,ML,MR and one gluon is created by the factor U in H˜JIMWLK , whose expression is given by eqs.(5.20),
(5.21).
In the calculation of probability Uab(x) is set to δab and we can use eq. (5.32). Including δpq and using
M qdR = M
dq
L , one obtains
δpq
[
∂2xU¯
ed(x)
]
MpeL [T
aδ/δρa(x)]M qdR [T
aδ/δρa(x)]
=∂2xU¯
ed(x)
(
M2L[T
aδ/δρa(x)]
)de (B.1)
where
M2L[x] = 1− x+
5
12
x2 − 1
12
x3 +
1
240
x4 +
1
720
x5 − 1
6048
x6 + . . . (B.2)
We need all terms in eq.(B.1) that contain four factors of δ/δρcx. Those are
∂2x(T
c1
ed
δ
δρc1x
)
(
− 1
12
(T c2T c3T c4)de
δ
δρc2x
δ
δρc3x
δ
δρc4x
)
+ ∂2x
(
1
2!
(T c1T c2)ed
δ
δρc1x
δ
δρc2x
)(
5
12
(T c3T c4)de
δ
δρc3x
δ
δρc4x
)
+ ∂2x
(
1
3!
(T c1T c2T c3)ed
δ
δρc1x
δ
δρc2x
δ
δρc3x
)(
−(T c4)de δ
δρc4x
)
+ ∂2x
(
1
4!
(T c1T c2T c3T c4)ed
δ
δρc1x
δ
δρc2x
δ
δρc3x
δ
δρc4x
)
δde.
(B.3)
Among them, the subset of terms that involve the spatial derivatives acting only on one of the δ/δρcx add
up to zero because
Tr(T c1T c2T c3T c4)
(
∂2x
δ
δρc1x
)
δ
δρc2x
δ
δρc3x
δ
δρc4x
×
(
1× (− 1
12
) + 2× 1
2!
× 5
12
+ 3× 1
3!
× (−1) + 4× 1
4!
× 1
)
= 0.
(B.4)
These terms would have contained φ(0), which is divergent, upon acting on the dense projectile if they did
not vanish. Thus this is a demonstration that to this order our result does not depend on the constant in
the definition of the potential φ.
Note that, when the two spatial derivatives only act on one of δ/δρcx, the following relation is valid
∂2x
(
1
m!
(T c1T c2 . . . T cm)
δ
δρc1x
δ
δρc2x
. . .
δ
δρcmx
)
=m× 1
m!
{T c1T c2 . . . T cm}
(
∂2x
δ
δρc1x
)
δ
δρc2x
. . .
δ
δρcmx
.
(B.5)
– 24 –
Here
{T c1T c2 . . . T cm} ≡ 1
m!
∑
P (1...m)
T cP1T cP2 . . . T cPm (B.6)
with the summation over all permutations of c1, ..., cm.
When the two spatial derivatives act on two different factors δ/δρcx, the following relation is valid
∂2x
(
1
m!
(T c1T c2 . . . T cm)
δ
δρc1x
δ
δρc2x
. . .
δ
δρcmx
)
=m(m− 1)× 1
m!
{T c1T c2 . . . T cm}
(
∂x
δ
δρc1x
)(
∂x
δ
δρc2x
)
. . .
δ
δρcmx
.
(B.7)
Using these relations, eq. (B.3) becomes[
5
12
Tr({T c1T c2}{T c3T c4})− Tr({T c1T c2T c3}T c4) + 1
2
Tr({T c1T c2T c3T c4})
]
×
(
∂x
δ
δρc1x
)(
∂x
δ
δρc2x
)
δ
δρc3x
δ
δρc4x
(B.8)
With the understanding that the following traces are multiplied by functions symmetric with respect to
interchange of c1 and c2 and separately c3 and c4, we can identify them as
Tr({T c1T c2}{T c3T c4})→ Tr(T c1T c2T c3T c4),
Tr({T c1T c2T c3}T c4)→ 2
3
Tr(T c1T c2T c3T c4) +
1
3
Tr(T c1T c3T c2T c4),
Tr({T c1T c2T c3T c4})→ 2
3
Tr(T c1T c2T c3T c4) +
1
3
Tr(T c1T c3T c2T c4) .
(B.9)
Moreover we have(
∂x
δ
δρc1x
)(
∂x
δ
δρc2x
)
δ
δρc3x
δ
δρc4x
Ualbl(xl)U
akbk(xk)
=
g4
4
(T c1T c2 + T c2T c1)albl(T
c3T c4 + T c4T c3)akbk [Bi(x− xl)]2[φ(x− xk)]2
+
g4
4
[(T c1T c3 + T c3T c1)albl(T
c2T c4 + T c4T c2)akbk + (T
c1T c4 + T c4T c1)albl(T
c2T c3 + T c3T c2)akbk ]
× Bi(x− xl)Bi(x− xk)φ(x− xl)φ(x− xk)
+ (l↔ k).
(B.10)
To make the calculation manageable we will take the traces over al, bl and ak, bk.(
∂x
δ
δρc1x
)(
∂x
δ
δρc2x
)
δ
δρc3x
δ
δρc4x
1
(N2c − 1)
Tr[Ualbl(xl)]
1
(N2c − 1)
Tr[Uakbk(xk)]
=
g4
2
N2c δ
c1c2δc3c4 [Bi(x− xl)]2[φ(x− xl)]2 + g
4
2
N2c (δ
c1c3δc2c4 + δc1c4δc2c3)
× Bi(x− xl)Bi(x− xk)φ(x− xl)φ(x− xk) 1
(N2c − 1)2
(B.11)
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From Eq. (B.8), one notes that(
1
12
Tr(T c1T c2T c3T c4)− 1
6
Tr(T c1T c3T c2T c4)
)
δc1c2δc3c4 = 0 , (B.12)
following from the identities T aT a = Nc1, Tr(T
aT bT aT c) = 12N
2
c δ
bc, Tr(1) = N2c − 1. Furthermore(
1
12
Tr(T c1T c2T c3T c4)− 1
6
Tr(T c1T c3T c2T c4)
)
(δc1c3δc2c4 + δc1c4δc2c3) = − 5
24
N2c (N
2
c − 1) . (B.13)
Then the summed probability is
PN−1(xl,xk) = − 5
24
N4c
(N2c − 1)
g4Bi(x− xl)Bi(x− xk)φ(x− xl)φ(x− xk) . (B.14)
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